S(n)-θ-closed spaces  by Dikranjan, D. & Giuli, E.





Bulgarian Academy qf Sciences, 1090 Sofia, Bulgaria 
E. GIULI 
Department of Pure and Applied Mathematics, University, 67100 I’Aquila, Italy 
Received 20 May 1986 
Revised 17 November 1986 
A p-space is called Y-%-closed if it is O-closed in every Y-space in which it is embedded. 
S(n)-%-closed spaces are characterized in terms of special covers and filters, and a categorical 
property of S(n)-%-closed spaces is established. Examples are given to distinguish S(n)-%-closed 
and S(n)-closed spaces and to show that the property of being S(n)-%-closed is not productive. 
AMS (MOS) Subj. Class.: Primary 54D10, 54D25; 
secondary 54Al0, 54B10, 54B30, 54D30 
%-closure Y-closed space 
S(n)-space Y-%-closed space 
S(n)-filter absolutely @closed space 
0. Introduction 
For a subset M of a topological space X the &closure is defined by cl, M = {x E X: 
every closed neighborhood of x meets M}, M is O-closed if cl, M = M. This concept 
was introduced by VeliCko [33] and used by many authors for the study of Hausdorff 
nonregular spaces [5, 6, 7, 12, 17, 29, 28, 331. The O-closure is related especially to 
Urysohn spaces (every pair of distinct points can be separated by disjoint closed 
neighborhoods): 
(1) a space X is Urysohn iff the diagonal in X x X is O-closed; 
(2) a continuous map f: (X, (T) + (X, 7) is an epimorphism in the category of 
Urysohn spaces iff f(X) is dense in the topology 7,, of Y having as closed sets all 
&closed sets in (Y, T) [7, 17, 281. In the present paper we introduce 8”-closure and 
show its close relation to S(n)-spaces (for definitions see Section 1). 
Let P be a class of topological spaces. A P-space X is P-closed (resp. P-O-closed) 
if X is a closed (resp. O-closed) subspace in every P-space in which it is embedded. 
Since the introduction of the H-closed spaces by Alexandroff and Urysohn [l] an 
extensive theory of P-closed spaces has been developed (see [3] and [32] and the 
references there). 
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The aim of this paper is to study P-&closed spaces for 9 between HausdorlI 
and regular, especially for S(n)-spaces. If P includes regularity, then the classes 
of P-e-closed spaces and P-closed spaces coincide. On the other hand, P-0- 
closedness always implies P-closedness and compactness plus 9’ yield P-&closed- 
ness. We show, that Hausdorff-B-closed and strongly Hausdorff-@closed spaces are 
compact (a Hausdorff space X is strongly Huusdorff if for every infinite subset M 
of X there is a sequence {U,,: n EN} of pointwise disjoint open sets such that 
Mn U,,#@ for each n~fkJ [ll]). 
In Section 2 the S(n)-&closed spaces are characterized by means of special covers 
and filters. It is shown that S( n)-closedness implies S(n + I)-closedness for S(n + 
1)-spaces; in particular every H-closed Urysohn space is S(n)-e-closed for every 
n > 1. A relation is given also between S( n)-0-closedness and quasi-compactness 
of the topology having as closed sets all P’-closed sets in the space. 
Following standard arguments from [27] and [26] we prove in Section 3 that the 
product of an H-closed space and an S(n)-closed space is S(n)-closed and the 
product of a compact space and an S(n)-e-closed space is S(n)-e-closed. In the 
remainder of the section the following categorical property of S(n)-e-closed spaces 
is established. Let f, g : 2 + Y be two continuous maps in 9’; the equalizer off and 
g is Eq(f,g)={zEZ:f(z)=g(z)}. S ince we consider only classes consisting of 
Hausdorff spaces, every equalizer in P is closed. A P-space X is absolutely P-closed 
if X is an equalizer of two continuous maps in P in every P-space in which it is 
embedded. Clearly every absolutely P-closed space is P-closed. For P-Hausdorff, 
strongly Hausdorff, regular and completely regular absolute P-closedness coincides 
with P-closedness (for absolutely closed objects in the category of semigroups for 
example see Howie and Isbell [16]; more about absolutely P-closed spaces will be 
given in [S]). After the neat internal characterization of S(n)-B-spaces (Theorem 
2.2(b)), this external characterization shows that S(n)-e-closed spaces are at least 
as ‘good’ as the S( n)-closed spaces for n > 1. 
In Section 4 examples are provided to distinguish S( n)-0-closedness S(n)-closed- 
ness and S(n - 1)-closedness and to show some ‘bad’ properties of S(n)-B-closed 
spaces concerning subspaces, products, minimality etc. Finally a list of unsolved 
problems is given. 
Throughout the paper regular (compact) means regular Hausdorff (compact 
Hausdorff); h?l denotes the closure of the set M in a given topological space; N+ 
denotes the set of positive integers and N = (0) u N+. An open set U of a topological 
space (X, 7) is regularly open if U = Int u. The topology on X which has as a basis 
the set of regularly open sets of (X, r) is denoted by r6; it is the semiregularization 
of r and (X, r) is semiregular if rs = r. 
1. O-closure and S(n)-spaces 
The semiregularization and the B-closure are important tools in the study of 
non-regular spaces. We give first some easy to establish relations between them 
without proof. 
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1.1. Lemma. Let (X, 7) be a HausdorfSspace, then 
(a) T5 2 70 = (TJH, 
(b) r@ = r ifs (X, T) is regular, 
(c) rs is semiregular, while T,, is not semiregular in general. 
The &closure is an additive expansive monotone operator, which in general fails 
to be a Kuratowski operator. Its idempotent hull is in fact the r,-closure. 
1.2. Theorem. For a Hausdorff space (X, T) the following conditions are equivalent: 
(a) 75 = TH, 
(b) (X, T,) is regular, 
(c) cl, is a Kuratowski operator. 
Proof. (a)e(b) follows from (a) and (b) in Lemma 1.1. 
(a)+(c) For every M = X the r,5-closure of M is contained in the &closure of 
M and the latter is contained in the -r,-closure of M. 
(c)+(a) Remark first that, for every open set U in X, I? = cl,U. Now for every 
closed in 7 set F Int F =cl, Int F, so it is &closed by (c). Since these closed sets 
form a basis for the closed sets in T,, this proves 7, = To. c] 
The spaces satisfying (b) were called almost regular by PapiE [19]. 
Now for every n E N we introduce an operator of V-closure; for M c X and x E X 
x @ cl,flM if there exists a chain of open neighborhoods of x, U, c U, c . . . c U,,, 
such that 0,~ U,,, for i = 1,2,. . , n - 1 and 0, n M =(d when n > 0, otherwise 
cl,+lM = %l by definition. For n = 1 this gives the B-closure. A set M c X is V-closed 
if M = cl,,lM. Similarly the en-interior of M is defined and denoted by Int,,~M, so 
Int,,,M = X\cl,,l(X\M). Obviously cl,,~(cl,~M) c cl,)‘+\ M holds for M c X and n, 
s E N. For n E N and a filter 9 on X we denote by ad,,,‘% the set of 0”-adherent 
points of 9, i.e. ad,,zs=n {cl,~zF,,: F, E 9”). In particular ad,lls= ad 9 is the set 
of adherent points of % 
Let X be a space and n EN; a point x of X is S(n)-separated from a subset M 
of X if x G cl,,rM. In particular x is S(O)-separated from M if x E a. For n > 0 the 
relation ‘being S(n)-separated’ between points is symmetric. On the other hand 
‘being S(O)-separated’ can be highly nonsymmetric in non-T, spaces. This is why 
we say that two points x and y are S(O)-separated if x E {j} and y ~6 {X}. 
1.3. Definition. Let n EN and X be a space. 
(a) X is an S(n)-space if every pair of distinct points of X are S(n)-separated; 
(b) a filter 9 on X is an S(n)-filter if every nonadherent point of 9 is S(n)- 
separated from some member of 9; 
(c) an open cover {U,} of X is an S(n)-cover if every point of X is in the 
em-interior of some U,. 
The S(n)-spaces coincide with the T,,-spaces defined in [33] and studied further 
in [25], where also S(a)-spaces are defined for each ordinal a (see also [23]). 
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Obviously the S(O)-spaces are the To spaces, the S(l)-spaces are the Hausdorff 
spaces and the S(2)-spaces are the Urysohn spaces. 
Clearly every filter is an S(O)-filter, every open cover is an S(O)-cover and every 
open filter is an S(l)-filter. The open S(2)-filters coincide with the Urysohn filters 
defined in [13] and [26]. For n 2 1 the open S(n)-filters were defined in [25]. The 
special covers used in (3.9) [25] are S(n -1)-covers. S(2)-covers are the Urysohn 
covers defined in [3]. In a regular space every filter (resp. open cover) is an S(n)-filter 
(resp. S(n)-cover) for every n EN. 
In the following lemma some easy to check properties of the 8”-closure are 
collected. 
1.4. Lemma. Let X be a space and n, k E N+, then 
(a) X is an S(n)-space zff its semiregularization is an S( n)-space; 
(b) for x E X and M c X, x is S(n + k)-separated from M iff there exist an open 
neighborhood U of x and open sets 0, c O2 c * * . c 0, containing M such that oi c 
Oi+l, i=l,2,..., n-l, xEInts~~lU (xEInt,hU) and UnO,=@ (IJnO,=@). In 
particular two points x and y are S( n + k)-separated ifs they have open neighborhoods 
U and V resp. such that Un V=@ (U n V=@), XE Int,h-IU (XE It&AU) and y E 
Int,h-1 V. 
(c) fdr an open subset U of X cl,,zU = cl,,fmlu and Ints,~U = Int,~~~l Int 0; 
(d) a filter 9 on X is an S( n)-filter i# ad 9 = ad,11 9. In particular a filter 9 on X 
with ad,,, 9 = 0 is an S( n)-filter. 
For a space (X, T) and n EN denote by T O’r the topology on X generated by the 
0”-closure, i.e. having as closed sets all 0”-closed sets in (X, 7). Clearly rHn= r, 
rO1 = rs and a subset U of X is rO,l-open iff every element of U is contained in the 
On-interior of U. If U is rO’r-open and x is a point contained in the on-interior of 
U with respect to TEA, then x E Inte,s+A U in (X, r). In general T~,I+~ is finer than (0,1x)& 
The next proposition follows directly from the definitions. 
1.5. Proposition. For a topological space (X, T) and n E N+ the following conditions 
are equivalent: 
(a) (X, T) is an S(n)-space; 
(b) (X, rOrr) is a T,-space; 
(c) (X, ~~1’) is T, and (X, T) is I,. 
If n 2 1, then these conditions are equivalent to: 
(d) (X, rO,l) is To. 
If n = 2k with k E N+, then the above conditions are equivalent to: 
(e) the diagonal in X x X is Ok-closed. 
This proposition as well as Theorem 2.4 and Proposition 2.5 below show the 
pivotal r81e of the topologies TV h in the study of S(n)-spaces for n > 1. In some 
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sense they replace the semiregularization which was the main tool in the study of 
H-closed spaces. 
For a space X and n E F+J+ denote by o,(X) the (ordinal) number of iterations of 
the B”-closure to get a Kuratowski operator (it will be the closure in T~~z). For more 
details see Arhangel’skii and Franklin [2]. Following them, we call o,(X) 6”-order 
of X. By Theorem 1.2 o,(X) = 1 iff X is almost regular. It was shown by Schriider 
[29] that the o-order is not bounded for Urysohn spaces. 
2. S(n)-O-closedness and quasi-compactness 
Porter and Votaw [2.5] characterized S(n)-closed spaces by means of open 
S(n)-filters and S(n)-covers (for n =2 it was done by Herrlich [13]). On the other 
hand Hamlett [12] proved that a Hausdorff space X is H-closed iff for every filter 
9 on X ad,s#@ Here we give together the characterization in the lines of [12], 
easy to obtain from Lemma 1.4. 
2.1. Proposition. Let n EN+ 
equivalent : 
and X be a space. Then the following conditions are 
(a) for every open filter 9 on X ad,fr 5 # 0; 
(b) for every filter 9 on X ad,,’ 9 # 0; 
(c) for every open S( n)-filter 9 on X ad 9 # 0; 
(d) for every S(n -1)-cover {U,} of X there exist a,, CY*, . . . , CY~ such that X = 
u;=, U,/ 
If X is an S(n)-space then the above conditions are equivalent to: 
(e) X is S( n)-closed. 
Following Patter and Thomas [24] (for n = 1 they introduced quasi-H-closed 
spaces) the spaces satisfying the equivalent conditions (a)-(d) will be called quasi 
S(n)-closed. Clearly for every quasi S(n)-closed space (X, T) (b) implies that (X, TV”) 
is quasicompact. In Example 4.3 S(n)-closed spaces (X, r) with (X, ~~“-1) non 
quasi-compact will be given for every n EN+. On the other hand for every n E N+ 
there exists an S(n + 1)-closed, non S(n)-closed space (X, T) such that (X, ~~1,) is 
quasi-compact, so the quasi-compactness of (X, ~~81) does not yield quasi S(n)- 
closedness for (X, T) (see Example 4.1(f) and (h)). 
Now we give an internal characterization of S(n)-&closedness. 
2.2. Theorem. Let n EN+ and X be a space, then the following conditions are 
equivalent: 
(a) foreveryclosedS(n-1)-filter.‘FonXadF#f; 
(b) every S( n - I)-cover of X has a finite subcover; 
(c) for every closed jilter 9 on X adH,lml 9# 0. 
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If X is an S(n)-space then the above conditions are equivalent to: 
(d) X is S(n)-O-closed. 
Proof. (a)e (b) follows directly from Definition 1.3 and (a)@(c) follows from 
Lemma 1.4. 
(b)*(d): Let X be an S(n)-space satisfying (b) and suppose that X is a subspace 
of an S(n)-space Y. Take an element y E Y\X; then every x E X is S(n)-separated 
from y. By Lemma 1.4(b) there exist disjoint open neighborhoods U, and V, of x 
and y respectively such that x E Int,,z-l U,. Then {X n U,: x E X} is an S(n - l)-cover 
of X. By (b) there exist elements x,, x2,. . . ,x, of X such that Xc 
U{Ux,: i=l,... , k}. Now for V=n:=, V,,, Xn v=@, since U,n v, =0 for every 
x E X. Thus X is &closed in Y. 
(d)-(a): Let 9={F,} be a closed S(n-1)-filter with ad S=0 on X. Define 
Y={oo}uXu(XxN).Asubset UcYisdefinedtobeopenin YifforpEUnX 
there exist an open set V in X and n E N such that p E V v V x {m E N: m 2 n} c U 
and for COE U there exists F,, E 9 such that F, x N c U. The points of X x N are 
isolated and 00 E cl,X. X is a subspace of Y and Y is an S( n)-space. In fact for 
x E X there exist an open neighborhood U, of x and F, E 9 such that x E Int,,~~l U 
inXand UnF,,=@NowxEInt,,z-I(UxN)in Yandoo&UxN,soxandccare 
S(n)-separated by Lemma 1.4(b). 0 
Spaces satisfying the equivalent conditions (a)-(c) will be called quasi-S(n)-@ 
closed. It follows by Theorem 2.2 that every quasi-S( n)-&closed space is quasi-S(n)- 
closed (using the covering characterization for example). Examples of S( n)-closed 
non S( n)-@closed spaces for every n E tY+ are given in Examples 4.1 and 4.2. 
The next Corollary gives a new relation between S(n)-8-closedness and S(n)- 
closedness and gives examples of non compact S(n)-&closed spaces. Porter [22] 
proved that the strongly Hausdorff-closed spaces are precisely the strongly Hausdorff 
H-closed spaces. 
2.3. Corollary. (a) quasi-S(n)-closedness is preserved by continuous maps; 
(b) the Hausdorff-&closed and the strongly HausdorfS-&closed spaces are precisely 
the compact spaces; 
(c) quasi-S( n)-closedness yields quasi-S(n + l)-0-closedness. In particular every 
H-closed Urysohn space is S(n)-O-closed for every n > 1. 
Proof. (a) follows directly from Theorem 2.2. 
(b): The first part follows directly from Theorem 2.2 with n = 1. It is known [l l] 
that every Urysohn space is strongly Hausdorff, this is why every compact space is 
strongly Hausdorff. On the other hand if X is a strongly Hausdorff non compact 
space and 9 is a closed filter on X with ad .9 = 0, then one can construct the space 
Y as in the last part of the proof of Theorem 2.2. It is easy to verify that Y will be 
strongly Hausdorff, so X is not strongly Hausdorff-@closed. 
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(c) follows directly from 2.1(b) and 2.2(c). The last part follows from the fact 
that a Urysohn H-closed space has a coarser regular topology, so belongs to S(n) 
for every n EN. 0 
The above Corollary shows that S(n+ 1)-spaces which are S(n)-closed are also 
S(n + l)-@closed. There exists for every n E Nt an S(n + l)-&closed space which 
is not S(n)-closed (Example 4.1(f)). 
It is easy to see that quasi-S(n)-closedness is preserved by &continuous maps 
(a map f: X + Y is &continuous if for each x E X and for each neighborhood U 
of f(x) in Y there exists a neighborhood V of x in X such that f( v) c I!? [6]). Is 
it also true for quasi-S(n)-&closedness? 
It was proved by Katetov [8] that a semiregular H-closed space is minimal. On 
the other hand, Herrlich [ 131 produced an example of a semiregular Urysohn-closed 
space which is not minimal Urysohn (a p-space is minimal 97’ if it does not admit 
strictly coarser 9-topologies). The space in question is X from Example 4.3. 
Moreover, X is semiregular and S(n)-closed (hence S(n)-&closed too) and non- 
minimal S(m) for any m 2 1. Porter [23] asked if a substitute of the property of 
semiregular can be found in this situation. A partial answer can be given in the 
following way. Katetov’s thorem can be stated also like this: if (X, T) is an H-closed 
space then (X, 7,) is minimal, in particular, if (X, T) is an H-closed Urysohn space 
then (X, T,) is compact. We have seen above that if (X, r) is quasi-S(n)-closed then 
(X, ~(,,a) is quasi-compact. In the next proposition we show that for a quasi-S(n)-@ 
closed space (X, T) the space (X, T,,'~+I ) is quasi-compact for n E N’. One may consider 
this as an extension of Katetov’s theorem for H-closed Urysohn spaces (X, T), since 
then TV = T\ by Theorem 1.2 and (X, T) is Urysohn-&closed. Thus for n > 1 a good 
substitute of the semiregularization 7, of an S( n)-&closed space (X, T) seems to be 
2.4. Theorem. Let n, k E N+; then for every quasi-S( n + k)-&closed (quasi-S( n + 
k)-closed) space (X, T) the space (X, To") is quasi-S(n)-B-closed (quasi-S(n)-closed). 
In particular, (X, ~~'1-1) q zs uasi-compact (quasi-H-closed) whenever (X, T) is quasi- 
S(n)-O-closed (quasi-S( n)-closed). 
Proof. Let {V,} be an S(n - l)-cover of (X, TEA). Then for every x E X there exists 
V,, such that x E Int,,, ~1 V,, in (X, ToI), thus x E Int,~~+~~l V,, in (X, T). So {V,} is an 
S(n + k- l)-cover of (X, T). By hypothesis there exist (Y,, a>, . . . , a, such that 
X =Ui=, V,, (X = U:=, q,,, the closure in 7). Since V,,, is contained in the T@A- 
closure of V,, this proves the proposition. 0 
Example 4.1(f) and (h) shows that for every n, k E N+ there exists an S(n + 
k)-e-closed space (X, T) such that (X, 7,k-l) fails to be even S( n)-closed. It follows 
by Theorem 2.4 that an S( n)-e-closed space (X, T) admits a coarser regular topology 
u iff ~~"~1 is Hausdorff. In such a case (T = T,,~~ 1 is compact. 
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It is interesting to know if the converse of Theorem 2.4 holds at least in some 
particular cases, i.e. if the quasi-compactness of (X, re,>ml) implies the quasi-S( n)-0- 
closedness of (X, 7). As mentioned above, the quasi-compactness of (X, rOn) does 
not yield quasi-S( n)-closedness of (X, r). On the other hand we do not know even 
if the quasi-compactness (or even compactness) of (X, r8) yields Urysohn-closedness 
of (X, 7). However the following rather partial results holds. 
2.5. Proposition. Let n, k E N+. A space (X, T) is quasi-S( nk) -closed whenever (X, ~@k) 
is quasi-compact and ok(X, 7) s n. 
Proof. Let 9 be a filter on X. For F, E 9 consider F& = cle” . . . cl@hF, (n-times); 
by hypothesis FL is 0”-closed. Let 9’ be the filter generated by F&; then 9’ is a 
closed filter on (X, TEA) so n {FL: F,, E 9} # 0. Since F& c clg,l~ F,, we have adH*lA 9 # 
@ by Proposition 2.1 (X, T) is quasi-S(nk)-closed. 0 
The estimate given here is exact for (X, r) = Y2 (see Example 4.1), since rH is 
quasi-compact, o,(X) = 2 and (X, 7) is not H-closed. On the other hand (X, 7) = 
Y ZWI+l (same example) is not S(m)-closed with o,(X) =2 and (X, T~~~~) quasi- 
compact, so in Proposition 2.5 nk is the least possible multiple of k for which (X, r) 
is quasi-S( nk)-closed. 
2.6. Question. Does there exist a Urysohn-closed space (X, T) with (X, rO) quasi- 
compact such that (X, T) is not Urysohn-B-closed? 
3. Products and equalizers 
It was proved by Chevalley and Frink that products of H-closed spaces are 
H-closed and it was shown recently by Pettey [20] that a product of regular-closed 
spaces need not be regular closed. Herrlich [15] gave two Urysohn-closed spaces 
such that their product is not Urysohn-closed. These spaces are not Urysohn-&closed 
(one of them is Yr from Example 4.1, the other is an analogue of X, from Example 
4.3). We give an example of a Urysohn-&closed space X which is in fact S(n)-O- 
closed for every n > 1 while X x X is S( n)-closed for no n E N (Example 4.4). 
Scarborough and Stone [26, 271 proved that a product of an H-closed space and 
a Urysohn-closed space (regular-closed space) is Urysohn-closed (regular-closed). 
The proof was based on a lemma which will be proved here for every n > 1. 
3.1. Lemma. Let X be a quasi-H-closed space, n E N, n > 1 and let Y be an arbitrary 
space. Then the projection on Y of any open S(n) -jilter on X x Y is an open S(n) -jilter 
on Y. 
Proof. Let p be the projection of X x Y on Y. It was proved in [27] that for every 
open set U in XX Y p( l!?) is closed in Y. This will be used essentially here. Let 
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9 = {F,} be an open filter on X x Y, we denote by p( 9) the filter on Y generated 
by the projections p(F,), F, E 9. Suppose that 9 is an S(n)-filter and take y E Y 
with y g ad p( 9). Then there exists an open neighborhood V of y in Y such that 
for some F, E 5 (X x V) n F, = $9. Then (x, y) & ad 9 for every x E X. By hypothesis 
there exists Fz E 9 such that (x, y) is S(n)-separated from Fz. By virtue of 1.4(b) 
there exist an open neighborhood U, of x, an open neighborhood V, of y and open 
sets O-tc O,“c.. .c 0: containing Fz with 0: c Or+, for i = 1,2,. . . , n - 1 and 
( U, x V,) n 0, = 0; hence ( u, x V,) n 0, = 0. Now { U,: x E X} is an open cover of 
X. Since X is H-closed there exist x,, x2,. . . , x, in X such that X = lJ:=r &.,. Set 
V=ng,, Vxg, then for O,=n.l=, 02 (k=l,..., n) and F=n:=, Fg, FcO,c 
o*c.. .cO,OicO,+,(i=l ,..., n-l)and(XxV)nO,=0.Thus Vnp(O,)=O. 
Now p(O,)cp(O,)c.. . c ~(0,) are open neighborhoods of p(F) and ~(0,) c 
p(O;+,) since p(O) is closed. Therefore y is S(n)-separated from p(F). 0 
Now the proof of Lemma 3.13 from [27] works also in the case of S(n) instead 
of regular, so we obtain the following theorem. 
3.2. Theorem. The product of a quasi-H-closed space and a quasi-S(n)-closed space 
is quasi-S(n)-closed for every n 2 1. 
For S(n)-&closedness the following can be proved. 
3.3. Theorem. Let X be a compact space and n E N+. Then for every S( n)-space Y the 
product X x Y is S( n)-&closed ifs Y is S(n)-O-closed. 
Proof. The necessity follows from Corollary 2.3(a). Suppose now that X x Y is not 
S( n)-O-closed. Then by Theorem 2.2 there exist a closed filter 9 on X x Y with 
ad,,,-1 %=0. In the notations of the proof of Lemma 3.1, we are going to show that 
p(g) is a closed filter on Y with ad,fl_lp(9) = 0. This will imply that Y is not 
S(n)-&closed. Remark first that p is a closed map since X is compact and Y is 
Hausdorff. Now take an element y of Y, for every x E X (x, y) & ad,,’ 1.9, so there 
exist F”, E 9 and open neighborhoods Vf x lJf c Vg x lJ,“c. . . c V’_ x Ui_, of 
(x, y) such that V’ x 0: c V;‘,, x UT+, (i = 1,. . , n-2)and(VG_,x uI_:)rF;t=@. 
By the compactness of X there exist x, , x2,. . . , x,. in X such that X = U:=, VP. 
Set K!J~=~:=, l-J: (s=l,..., n-l) and F=n:=, F,J, then FEN and iJ+,c 
n:=, UX-,, so (XX u,_,)nF=@. Thus C?,_,np(F)=@. This proves that 
ad B”m’p(P) =0. q 
Here we show that S(n)-&closed spaces have the following surprising property. 
Here [x] denotes the integer determined by [x] G x < [x] + 1. 
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3.4. Theorem. Let n E N, n > 1 and k = n + 1 - [n/2]. Then an S(n) -space X is S(k) -6- 
closed sff X is absolutely S(k) -closed. 
The proof is based on the following lemma. 
3.5. Lemma. Let n E N, n > 1 and let X be an S(n)-space. Then a subset M of X is 
an equalizer of two continuous maps into an S(n) space if M is Ok-closed, where 
k=[n/2]. 
Proof. Let Y be an S( n)-space, such that for J g : X + Y M = Eq(f, g). Take an 
element x E X\M. Then f(x) # g(x) in Y, thus f(x) and g(x) are S(n)-separated. 
Since 2kc n, it follows from Lemma 1.4(b) that f(x) and g(x) have open neighbor- 
hoods U and V resp. with I!? n v = 0, f(x) E Tnts~~l LJ and g(x) E It&-l V. Then 
W = f -‘( U) n gP’( V) is an open neighborhood of x with x E Ints~~l W and w n M = 
0. In fact, if z E Wn M, then f(z) = g(z) E U n v which is a contradiction. This 
shows that x .@ cl,rM. 
Now assume that M is Ok-closed. Consider the adjunction space Z = X U ,,,,X, 
i.e. the quotient space of the coproduct X U X with respect to the identifications 
(x,1)-(x,2) whenever XEM. Let q:XUX +Z be the quotient map and let 
p: Z +X be the natural projection. Finally, let for i = 1,2 k, :X+ Z be the map 
defined by k,(x) = q(x, i). Then clearly M = Eq( k, , k2), so it remains to prove Z is 
an S(n)-space. Since X is S(n) we can S(n)-separate every pair of distinct points 
x and y of Z with p(x) f p(y) by taking preimages. Now let x f y be two distinct 
points in Z with p(x) =p(y) = z. Then zg M and we can assume without loss of 
generality that x = q(z, 1) and y = q(z, 2). Since M is Ok-closed there exists an open 
neighborhood U of z in X with z E Int, 1-1 U and u n M = 0. Then W, = q( U x {i}) 
(i = 1,2) are open neighborhoods of x and y in Z with x E Int,r~l W,, y E Int&l W, 
and w, n iii,= 0. By Lemma 1.4(b) x and y are S(n)-separated. Cl 
Proof of Theorem 3.4. Set Y = [n/2]. Let X be S(k)-O-closed and suppose that X 
is a subspace of an S(n)-space Y. By virtue of the lemma it suffices to show that 
X is O’-closed in Y. Assume that this is not true. Then for some y, E Y\X yO E cl,,X. 
Every x E X is S( n)-separated from y, and n = (k - 1) + r, so by Lemma 1.4(b) there 
exist open neighborhoods U, and V, of x and y, resp. in Y with x E Ir&,~ZU, 
yOe In&,-l V and 0, n v, = 0. By you cl,,X F” = v, n X # 0. Then {F,: x E X} is a 
base of a closed S(k - 1)-filter on X with no adherence points. This contradicts the 
S( k)-O-closedness of X. 
Sufficiency. Suppose now that X is an S(n)-space which is not S(k)-O-closed. 
By Theorem 2.2 there exists a closed filter 9 on X with ad@” -1% = 0. Let Z be an 
S(n)-space which is S(r)-closed and not S(r-1)-closed (for r= 1 take Z any 
infinite H-closed S( n)-space, for example Y, in Example 4.1). For r > 1 such spaces 
are given by Example 4.3. By Proposition 2.1 there exists an open filter 3 on Z 
with ad,r-l%=@ Since Z is S(r)-closed there exists a point zO in ad,% Define 
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Y = {co} u X x Z. A subset W of Y is defined to be open in X if for p E W n (X x (2”)) 
there exist an open set U in X and an open set V in Z such that p E U x Vc W, 
for p = (x, y) E W n (X x (Z\{ z”}) there exists an open set V in Z such that p E {x} x 
Vc W and for 00 E W there exist F,, E 9 and VA E 33 such that F, x VA c W. By 
Z~E ad,,9 it follows easily that a~ cl,,(X x {z,}), so X x {z”} is not 0’-closed in Y. 
Since X is homeomorphic to X x {z,,}, it remains to prove that Y is an S(n)-space; 
this will show that X is not absolutely S(n)-closed by virtue of the lemma. The 
S( n)-separation of two distinct points p and q in Y is trivial when p, q f ~0 since 
X and Z are S( n)-spaces. Now let p = (x, z) E X x Z and q = m. By ad,h-l9 = fl in 
X there exist open neighborhoods U, = Uz c . ’ ’ c U,-, of x in X and F,, E 9 such 
that l?,c Ui+, for i=l,..., k-2and 
(1) 
On the other hand ad,,-] 9 = fl, so z is S( r - I)-separated from some V, belonging 
to C9. By Lemma 1.4(b) there exist open elements V, (s = 1, . . . , r - 1) of the filter 
9 with v, c V’,,, (s = 1,. . . , r - 2) and vr_, d z. Set V, = Z\{z,}, then v,_, c V,, thus 
for W = {CO} u F,, x V,. COE Int,,+l W. On the other hand p E I@,~~ W’ where W’= 
U,-, x Z and @“n w== (d because of (1). So p and cc are S(n)-separated by Lemma 
1.4(b). Cl 
In the class of Hausdorff spaces the equalizers are precisely the closed subspaces 
[15], so the absolutely S(l)-closed spaces are exactly the H-closed spaces. It is easy 
to see that the same thing is valid also for strongly Hausdorff, regular and completely 
regular. 
By Theorem 3.3 and Theorem 3.4 the product of a compact space and an absolutely 
S(n)-closed space is absolutely S(n)-closed (n E I@). On the other hand the space 
X in Example 4.4 is absolutely S( n)-closed for every n > 1 and X x X is S(n)-closed 
for no nEIV(. 
The classical notion of P-closed space can also be given in the following way (if 
9 is hereditary): a P-space X is P-closed if every P-space Y which contains X 
as a dense subspace coincides with X. We note that this is not valid for !?-&closure. 
In fact for every n E Nt there exists a space X (in fact X - Yz,, in Example 4.1) 
which is not S(n)-H-closed, but every S(n)-space (Z, r) which contains X as a 
r,,-dense subspace coincides with X. Such spaces are in some sense ‘saturated’, more 
about this aspect will be given in [8]. For saturated and absolutely closed semigroups 
see [16]. 
4. Examples and unsolved problems 
4.1. Example. Let n E N+ and for k = 1, . . . , n, Tk be a copy of the deleted Tychonov 
plank T (i.e. Tk ={k}x((f2’xw’)\(L2, w)) where 0(w) is the first uncountable 
(countable) ordinal and a’(~‘) is the space of all ordinals less or equal to 0(w) 
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equipped with the order topology). Let YL be the quotient space of the topological 
sum u { Tk : 1 G ks n} with (k, Q, s) identified to (k+ 1,0, s) for s < w when k is 
odd and (k, a, co) identified to (k+ 1, (Y, w) for a < 0 when k is even and less 
than n in both cases. Denote by q the quotient map. For (Y < 0, m < o and 
k=l,2,..., n -1 let W,,, =q({(Z,x,y):l=1,2 ,..., n,a<x<Q m<ySw}), 
Ok= YL\q(U{T,:k-n<ssn) and O;= Y~\q(U{T,:l~s~n-k). Define 
Y,, = {a, b}\ YL with topology r consisting of sets W such that W n Yk is open in 
YL and a E W (resp. b E W) implies 0, n W,,, c W (resp. 0: n W,,, c W) for some 
(Y <a and m CO. This is in fact the space Y-,,,+, from Example 2.10 in [25]. 
Denote by ?,, the subspace Y,,\{ b} and let 6 be the induced topology on ?,,. In 
the lines of the n-corner argument given in [4] and making use of Proposition 2.1 
and Theorem 2.2 the following properties of these spaces can be established. 
(a) Y,, is an S(n - 1)-space and not S(n), while ?m is S(m) for each m EN. 
(b) ;*vz = (;O”~l)s is compact and strictly coarser than iH~l~l. 
(c) for k E N a subset W of Y,, is open in rOh itI W n YL is open in Yk and a E W 
(resp. b E W) yields O,,, n W,,, c W (resp. Ok,, A W,,, c W) if k < n and W, m c 
W if k = n for some LY < fl and m < co. Moreover reh induces on ?,, precisely ?@I 
and both are semiregular. 
(d) o,(Y,,)=l and ok(Y,,)=2 for k<n (in general o,(X)<2 if X has a finite 
number of non regular points, i.e. points x, such that x.@ It&U for some open 
neighborhood U of x). 
(e) Yzn is quasi S( m)-closed for every m 2 n and not S(n)-&closed. In fact Y2,, 
has essentially one closed filter 9 with ad B’~~l 9 = 0; this is why for every S( n)-space 
X in which Y is embedded (cl,Y,,)\ Yzn has at most one point. 
(f) Y2n+, is quasi-S(m)-&closed for every m > n and not S(n)-closed. 
(g) Y, is S( n - 1)-minimal (for the proof one can use a criterion analogous to 
that given by Stephenson [30, Theorem l] for minimal Urysohn spaces). 
(h) For 2k < n - 1 (Y,,, rHh) has properties analogous to Yn_Zk, in particular it is 
S(n -2k- 1)-minimal. On the other hand for kgN ( Yzk+,, T,,‘) is quasi-S(m)-& 
closed for every m > n -k and not S(n - k)-closed (if k < n). ( Yz,,, TEA) is quasi 
S(m)-closed for every m 2 n -k and not S(n - k)-&closed (if k < n). In particular 
(Yznt,, T@A) is quasi-compact. 
(i) p,, is S(n)-closed and not S(n)-&closed. For k< n (p,,, TEA) has the same 
properties as ?+k, i.e. it is S(n - k)-closed and not S(n - k)-&closed. 
(j) Y,, and ?,, are feebly compact (every locally finite family of open sets is finite) 
and not countably compact if n > 1. 
(k) Y,, is not locally S(n)-closed since at a and b Y,, has no local base of 
S(n)-closed neighborhoods. 
It was proved by Katetov that closures of open sets in H-closed spaces are 
H-closed. For n > 1 Y*,, is S(n)-closed and &-, is not even S(2n -2)-closed, 
while Yzn+, is S(n + l)-&closed and & is not even S(2n)-closed. In fact this can 
be explained by b E cl,&, while every S(2n -2)~&closed subspace of an S(2n - 
2)-space (in this case it is pz;,+,) must be e-closed by definition. However & u {b} 
D. Dikranjan, E. Giuli / S( n)-O-closed space 71 
is 0”-closed in Y2,,+, for every m EN, but it is not S(2n)-&closed. The next example 
shows that &closed infinite subsets of S( m)-&closed spaces may happen to be even 
discrete. 
Example 4.2. (13, Example 11. Let X be the subset {(O,O)} u lJz==, {l/n} x [0, l/n] 
of the euclidean plane and let (T be the subspace topology of X; consider now the 
weakest topology T on X which is finer than u and contains as closed sets all subsets 
of F= {(l/n, 0): n EN+)}. Then (X, T) is an H-closed Urysohn space and M = 
((0, 0)) u F = cl,F is V-closed for every m EN (it is also rigid in X, see [5]). On 
the other hand M is discrete while X is S(n)-&closed for every n > 1 by 
Corollary 2.3. 
4.3. Example. Let n EN, n > 1 and I, u 1, u . . . u IIn-, be a partition of the unit 
interval [0, l] into dense open sets such that OE I,. Denote by (T the compact 
topology of the interval and let X, be the interval provided with the coarsest topology 
r containing a, {12s-,}:z, and {12c_, u Zz5 u Iz,,+,}:l-:. Then for every m EN, X, is a 
semiregular S(m)-space having the following properties (for n = 2 this example was 
given by Herrlich [13]): 
(a) If U is a neighborhood of x with x E Int e+lU then I? is a u-neighborhood 
of x. Thus T,,” = (T. 
(b) X, is S(n)-closed (by (a) and Proposition 2.1(d)). 
(c) If x1,x*, . . . , x,,, . . . is an arbitrary sequence in 1*,_, converging to 0, then 
D = {x,, x2, . . . , x,,, . . . } is 0”-‘-closed. Thus ~~~~~1 is strictly coarser than V, hence 
non compact. 
(d) X,, is not S(n)-&closed (by (c) and Theorem 2.4). 
In [30] Stephenson gave a minimal Urysohn space Y which can be projected on 
X,. Since X, is not Urysohn-@closed it follows that Y is not Urysohn-&closed. 
So minimal Urysohn does not imply Urysohn-&closed. Apparently similar examples 
can be given to show that minimal S(n) does not imply S(n)-&closed. 
It is easy to see that if 6!?-closure is preserved by continuous maps and complete 
regularity implies 9, then every g-closed space is pseudocompact, i.e. every real 
valued function on the space is bounded. The following example was given by 
Stephenson to show that the product of Urysohn-closed spaces in which the con- 
tinuous real valued functions separate the points may fail to be even pseudocompact. 
4.4. Example. Let Z be a subset of pRJ\N such that G = 2 u tV has the following 
properties: 
(1) every infinite subset of PlV has a limit point in 2; 
(2) there exists a closed set D in G x G such that D c N x lV. 
The existence of such a set was shown by Terasaka [ 10,9.15]. Denote by Y the 
space pN provided with the coarsest topology (T’ finer than the compact topology 
(T of /3hJ and containing pN\Z as an open set. Now let X = Y U =G be the adjunction 
space, 4 : Y U G + X be the quotient map and r be the quotient topology of X. 
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(a) Y is H-closed hence Urysohn-&closed (in fact o: = (T since /3N\Z is dense 
in PN, so it remains to apply the well-known result that a space is H-closed whenever 
its semiregularization is H-closed [18]). 
(b) X is Urysohn-&closed. In fact every closed S(2)-filter B={F,} with no 
adherence points in X gives rise to a closed S(2)-filter 9’ with no adherence points 
in Y U G, in fact 9’ is generated by {q-‘(F,)}. Since Y is Urysohn-&closed 9’ 
does not meet Y x { l}. Therefore there exists (Y such that qp’(F,) n Y x { l} = 0. 
Thus q-‘(F,) is an infinite closed subset of Gx(2) contained in Nx(2) which 
contradicts (1). 
(c) the continuous real valued functions separate the points of X [30]. This is 
why (X, 7) is S(n)-&closed for every n > 1. 
(d) X x X is S(n)-closed for no n E N (in fact X x X is not even pseudocompact 
because of (2) as shown in [30]). 
(e) X is not H-closed by (d) and Theorem 3.2, hence its semiregularization is 
minimal S(m) for no m EN. 
Here we give a few unsolved problems. A g-space is Katdtov 9 if it admits 
coarser minimal p-topology. 
Problem 1. Does S( n)-&closed imply Katetov S(n)? 
Clearly it is enough to consider only semiregular S( n)-&closed spaces since every 
minimal S(n) space is semiregular. The authors do not know the answer even for 
n = 2. If (X, T) is a Urysohn-&closed space such that (X, rH) is Hausdorff then 
(X, T”) is compact, so (Y, r) is Katetov S(n) in this case. On the other hand when 
(X, r8) is not Hausdorff it may happen that (X, 7) itself is minimal S(n) (see Example 
4.1). Porter [21] produced a Urysohn-closed space which is not Katetov Urysohn. 
Since this space can be projected on the space X, (Example 4.3), it is not Urysohn-0- 
closed. Recently Dow and Porter [9] produced a regular-closed space which is not 
Katetov regular. 
It is easily seen, that a space is S(n)-closed whenever its semiregularization is 
S(n)-closed. On the other hand there exist non compact H-closed Urysohn spaces 
(their semiregularization is always compact). 
Problem 2. Prove or disprove that for n > 1 a space is S( n)-&closed whenever its 
semiregularization is S( n)-&closed. 
As noted in [25, (3.2)] every S(n)-space can be densely embedded in an S(n)- 
closed space. Porter and Thomas [24] characterized the Urysohn spaces for which 
the Katetov extension is Urysohn, hence Urysohn-&closed. Recently Dow and 
Porter [9] showed that every regular space can be embedded as a closed subspace 
in a minimal regular space. 
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Problem 3. Can every S(n)-closed space be embedded in an S(n)-&closed space? 
We do not know the answer to the following question even for n = 2. 
Problem 4. Is the product of an H-closed space and an S(n)-&closed space S(n)-& 
closed (n > l)? 
It was proved by Pettey [20] that the product of a family of regular-closed spaces 
is regular-closed whenever it is feebly compact. A similar approach for products of 
Urysohn-&closed spaces would be facilitated by the positive answer of the following 
question. 
Problem 5. Prove or disprove that the product of Urysohn-B-closed spaces is feebly 
compact. 
In particular we do not know if every Lindelijff Urysohn-&closed space is 
H-closed. Observe that every H-closed space is feebly compact, while the space X 
in Example 4.3 is Urysohn closed (thus S(3)-&closed) and not feebly compact. 
Problem 6. Characterize the spaces (X, T) such that (X, T~H) is Hausdorff. 
Clearly these spaces are S(3); on the other hand, for every n EN+, there exist 
S(n)-spaces (X, T) such that (X, T,,) is not Hausdorff (a modification of X, in 
Example 4.3 with 0 blown up in two points). 
Finally observe that every Urysohn space (X, T) in which every closed subspace 
is Urysohn-&closed is necessarily compact Lemma 1.1 and Theorem 2.2. The 
question whether every Urysohn space in which each closed subset is Urysohn-closed 
is necessarily compact is still unsolved as far as we know [3, Problem 151. 
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